In this paper we construct shell models for convective turbulence, e.g., Rayleigh Bénard convection, and stably-stratified turbulence. We simulate these models in the turbulent regime and show that the convective turbulence exhibits Kolmogorov spectrum for the kinetic energy, while the stably-stratified turbulence show Bolgiano-Obukhbov scaling.
Introduction
Turbulence remains one of the unsolved problems of classical physics. Turbulence generates strong nonlinear interactions among large number of modes of the system, which makes theoretical analysis of such flows highly intractable. Using Kolmogorov's theory of fluid turbulence, it can be shown that the degrees of freedom of a turbulent flow with Reynolds number Re is (Re) 9/4 1 . Consequently, a numerical simulation of a turbulent flow with a moderate Reynolds number of Re ≈ 10 6 requires 10 27/2 ≈ 31 trillion grid points, which is impossible even on the most sophisticated supercomputer of today.
A low-dimensional model called "shell model of turbulence" is reasonably successful in explaining some features of turbulence, e.g., it reproduces the Kolmgorov's theory of fluid turbulence, as well as experimentally observed intermittency corrections 2, 3 . In a shell model, a single shell represents all the modes of a logarithmicallybinned shell, hence the number of modes in a shell model is much smaller than (Re) 9/4 . Consequently, a large Reynolds number flow can easily be achieved in a shell model containing 40 or more shells.
A large body of work exists on the shell model of fluid turbulence. However, till date, no convergence has been reached on the shell model for buoyancy driven turbulence 4 , which is very important in the flows of geophysics, astrophysics, atmospheric and solar physics, as well as in engineering. In the present paper we provide a comprehensive shell model for the buoyancy-induced turbulence, and show that the kinetic energy spectrum in Rayleigh Bénard convection is close to Kolmogorov's theory of fluid turbulence, while that in stably-stratified flows is proportional to k −11/5 . Our shell model is simpler than that of Brandenburg 4 , who includes more terms in the model to obtain Bolgiano scaling in Rayleigh Bénard convection. Brandenburg's result 4 is inconsistent with the present numerical simulations of Kumar et al. 5 where they show Kolmogorov scaling for convective turbulence. Buoyancy-induced flows come in two categories: (a) convective flows in which the hotter and lighter fluid at the bottom rises, while the colder and heavier fluid at the top comes down. These flows are unstable; (b) Stably stratified flows in which the lighter fluid is above the heavier fluid. For stably stratified flows, Bolgiano 6 and Obukhov 7 first proposed a phenomenology, according to which the kinetic energy 
Shell model for buoyancy-induced turbulence
Rayleigh Bénard convection (RBC) is a simplified version of buoyancy-induced convective flow in which fluid is heated from the bottom and cooled from the top. A generalisation of Gledzer-Ohkitani-Yamada (GOY) shell model to RBC flow under Boussinesq approximations is 10 :
where u n is the velocity shell variable, θ n is the shell variable for the temperature fluctuations, and k n = k 0 λ n is the wavenumber of the shell. The two nondimensional control parameter for RBC are Rayleigh number Ra, which is a ratio of the buoyancy force and dissipative force, and the Prandtl number Pr, which is a ratio of the kinematic viscosity and the thermal diffusivity.
The nonlinear terms N n [u, u] and N n [u, θ] of the above equations are
where 
The u n term of Eq. (2) of the RBC shell model represents the negative temperature gradient, i.e., temperature decreasing with height. This term makes the flow unstable. We also remark that our shell model differs from that of Brandenburg et al. 4 .
A stably-stratified flow, which has a stable flow structure in the absence of forcing, is modelled by changing the u n term of Eq. (2) to −u n . This transformation makes the flow stable. To generate turbulence in stably-stratified flow, we force the large scale flows. Therefore a shell model for a stably-stratified flow is
where Gr = Ra/Pr is Grashof number, and the other definitions are same as that for RBC shell model. We apply forcing f n to shells with small n that represents large length scales. Note that for f n = 0, we obtain u n → 0 and θ n → 0 asymptotically.
Numerical details
We simulate the shell models of RBC [Eqs. (1 and 2)] and of stably-stratified turbulence [Eqs. (6 and 7) ]. For time stepping we use fourth-order Runge-Kutta (RK4) method. We took 76 shells for the RBC simulations, and 36 shells for the stratified turbulence simulations. For RBC, we take Pr = 1 and Ra = 10 12 , and N = 76 shells. We compute various quantities using the steady-state data, and obtain the Reynolds number Re = 8.3 × 10 6 , the kinetic energy dissipation rate u = 86, and the thermal energy dissipation rate θ = 77. The energy and entropy spectra and fluxes are computed by averaging over many time frames (∼ 10 7 ) of the steady-state flow; these results will be described in the next section.
For the stably-stratified turbulence, we take Pr = 1, Gr = 10 5 , and N = 36 shells. We apply random forcing to shells 2 − 4 for generating turbulence. Under steady state, Richardson number Ri = 0.13, Re = 2.3 × 10 3 , u = 3.6, and θ = 2.8. Note that the Richardson number is a ratio of the buoyancy term and the nonlinear term u · ∇u.
Results and Discussions

RBC shell model
In Fig. 1(a) we plot the normalized KE spectrum, |u k | 2 k 2/3 , and the normalized entropy spectra, |θ k | 2 k 2/3 , for the RBC run. The figure indicates that Kolmgorov (KO) scaling,
, fits quite well with the data for three decades. We cross check our spectrum result with the KE and entropy fluxes, which are plotted in Fig. 1(b) . The KE flux Π u (k) and entropy flux Π θ (k) are constant in the inertial range. These results demonstrate that the Kolmogorov scaling is valid for the convective turbulence. We also compute energy supply rate 
Shell model for stably-stratified turbulence
In Fig. 2(a) we plot the normalized KE spectra, |u k | 2 k 6/5 for the BO scaling, and |u k | 2 k 2/3 for the KO scaling. Shadow region in the figure is the forcing band. In Fig. 2(b) we plot the normalized entropy spectra, |θ k | 2 k 2/5 for the BO scaling, and |θ k | 2 k 2/3 for the KO scaling. The figure indicates that the BO scaling fits with the numerical data better than KO scaling. Along with the spectrum results, we also compute the KE and entropy fluxes, which are plotted in Fig. 2(c) .
is almost flat, thus Π u (k) ∼ k −4/5 , and Π θ = const, consistent with BO scaling. These results show that BO scaling is valid for stably stratified flow. We find that the energy supply rate by buoyancy, F (k) = u(k)θ * (k) , is negative, indicating a conversion of kinetic energy to the potential energy 5 .
Summary and Conclusions
In summary, we constructed shell models for convective turbulence and stablystratified turbulence; these models differ only for the temperature gradient term of the temperature equation. Using numerical computation of these models we demonstrate that the convective turbulence exhibits Kolmgorov spectrum, while the stably-stratified turbulence shows Bolgiano-Obukhov scaling. These results are consistent with the recent numerical results of Kumar et al. 
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